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Information



What is Information?

® Information measures how much uncertainty is reduced when we observe an event.

¢ Self-information of an event x with probability p(x):

I(x) = — log p(x).

® [nterpretation:

® If p(x) is high, I(x) is low = the event is expected, carries little information.
® If p(x) is low, /(x) is high = the event is surprising, carries more information.
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Entropy: The Expected Information

Entropy measures the average uncertainty (or surprise) in a probability distribution.

Shannon Entropy for a discrete random variable:

H(X) = —=>_ p(x)log p(x).

XEX

Differential Entropy for a continuous random variable:

H(X) = - / p(x) log p(x)dx.

® Entropy is maximized when all outcomes are equally probable.

® Entropy gives a fundamental limit on data compression and transmission.
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Why is This Related to Information?

Entropy quantifies the fundamental limit of how much information is needed to
describe a random variable.

If entropy is high:

® The distribution is more uniform.
® More bits are required to describe outcomes.

If entropy is low:

® The distribution is concentrated on a few outcomes.
® Fewer bits are required to describe outcomes.

Many information measures (KL divergence, mutual information) build on entropy.
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Likelihood

Likelihood Function:

® Given data X = {x1,...,xn} and a parametric model p(x|f), the likelihood function

IS:
N

1(0) = [ pl10).

i=1
® Taking the log-likelihood:

N
(8) = log p(xi6).
i=1
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KL Divergence: Measuring Information Difference

e KL divergence measures the difference between two probability distributions p(x) and
q(x).
e Definition:

DL(pllg) = ZX: p(x) log 58-

® |Interpretation:

® Measures how much information is lost when using g(x) instead of p(x).
® KL divergence is always non-negative and zero if p(x) = g(x).
® |t is not symmetric: Dki(p|lq) # DkL(ql|p)-
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Likelihood and Information (Entropy)

Connection to Entropy:
® The expected log-likelihood under the true distribution p(x) is

Ep(ollog (X)) = [ plx)log p(x[6)o
* Using entropy H(p) = — | p(x) log p(x)dx, we can rewrite:

Ep(x)[log p(x|0)] = —H(p) — DkL(pllps)-

® Maximizing likelihood is equivalent to minimizing KL divergence between the true
and model distributions.
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What is Wasserstein Distance?

® Wasserstein distance, also called the Earth Mover's Distance (EMD), measures the
effort required to transform one probability distribution into another.

® |t is defined as:

W) = (it [ e vPanen)

~el(p,v

where:

® ., v are two probability distributions.
[(p,v) is the set of joint distributions with marginals 1 and v.
It represents the optimal transport cost to morph p into v.
Applications in Finance, Portfolio Optimization, etc.
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An Alternative: Intuition Behind Wasserstein Distance

Imagine moving piles of dirt from one location to another.

Woasserstein distance measures:

® How much dirt needs to be moved.
® How far each unit of dirt must travel.

If two distributions are similar, the transportation cost is small.

If they are far apart, the cost is large.
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Estimation



The Estimation Problem

® Given a dataset X = {xy,x2,..., Xy}, assume observations are drawn from a normal
distribution:

xi ~ N (p,0?).

® Goal: Estimate (u,0?) from the observed data.

® \We consider three estimation approaches:
1. Maximum Likelihood Estimation (MLE)
2. Minimization of KL Divergence with Empirical Distribution
3. Minimization of Wasserstein Distance
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MLE: Maximum Likelihood Estimation

Likelihood function: Given N i.i.d. samples from A (y,o?),

1 L 2
exp [T 7Y
2102 202

Log-likelihood:

MLE estimates: Solve

This gives:
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Minimizing KL Divergence with the Empirical Distribution

® The empirical distribution is defined as:

where §(x — x;) is the Dirac delta function.
® Substituting the empirical distribution:

d(xi — x)
q(x|p,0?)

N
. 1
DrL(Blla) = 5 > _log
i=1

® Minimizing this divergence leads to the same estimates:

i=1 1
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Minimizing Wasserstein Distance

® \Wasserstein-2 distance between two normal distributions:
W3 (N (p1,07), N(pi2,03)) = (1 — p2)* + (01 — 02)°.

® Minimizing W2(p, q) leads to:

1Y 1Y
ﬂ_N_El)(i’ a—NE:l’XI_,a‘
1= 1=

® This differs from MLE: instead of variance, the Wasserstein estimator uses the mean
absolute deviation.
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Comparison of KL and Wasserstein Minimization

® Given a dataset X = {xy,...,xn} of size N = 100, we estimate a normal distribution
N (p,0?) using:
1. Maximum Likelihood Estimation (MLE) by minimizing KL divergence.
2. Optimal Transport Estimation by minimizing Wasserstein distance.

® The true distribution used to generate the data:

Xi~ N(:utrue> Utrue) N(Z L. 52)
e MLE (KL Minimization) results in:

N 1 N
HMLE = Zx,, Stne = N Z(Xi — p)%.

e Wasserstein Distance Mmlmlzatlon results in:

. . . 1 .
Aw, = imie,  Gw, = > i — Al
i=1
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Comparison of KL and Wasserstein Minimization

KL vs. Wasserstein Minimization with True Distribution

Empirical Data

0.401 = True Distribution
PiakN =—— KL Minimization (MLE)
0.35¢ / M\ —— Wasserstein Minimization

Density

o
—
u

0.10}

0.051

0.00
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Conclusion

Both KL divergence and Wasserstein distance define a notion of "distance” between
distributions.

® Minimization of these distances leads to meaningful estimators.

KL divergence minimize "information” loss.

® Wasserstein distance provides an alternative by minimizing the " movement” needed.
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Geometry



Optimization and Geometry

Optimization problems often involve navigating high-dimensional spaces.

Standard gradient descent assumes a Euclidean structure.

But real problems often have underlying curvature!

e Using geometric information (curvature) can significantly speed up convergence.
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Example: Gradient Descent on a Quadratic Function

Consider optimizing the function:

f(x) =x*>+2x+3

e Standard gradient descent takes slow steps along the gradient.
® Second-order information (curvature) helps adjust steps, leading to accelerated
descent.

Gradient Descent vs. Accelerated Descent

— =X +2x+3
25} x Gradient Descent
x  Newton's Method
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Geometric Acceleration: Hessian and Curvature

® The second derivative (Hessian) captures curvature.
® Newton's method uses this information:

Xt4+1 = Xt — Hi]'Vf‘(Xt)

® | eads to faster convergence as seen in the trajectory plot.

Trajectory of Optimization Steps

18 —e— Gradient Descen! t
—=— Newton's Method

Function Value

-10 -05 00 05 10 15 20 25 30
Iteration Step
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Conclusion

® Geometry plays a key role in optimization.
® Using curvature information can drastically improve convergence.

® |nformation Geometry extends these ideas to probability distributions and statistical
manifolds.
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Example: Optimization on a Torus

Optimization Problem:
® We aim to minimize a function f(x, y, z) constrained to a toroidal surface.
® |et the torus be defined by:

(R—Vx2+y2)? +22 =12,

where R is the major radius and r is the minor radius.

e Consider a simple quadratic objective function:
o *\2 *)2 *)2
f(X7Y7Z)_(X7X)Jr(y*y)jL(Z*Z)?

where (x*,y*, z*) is a target point on the torus.
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Example: Optimization on a Torus

Comparison of Optimization Approaches:
¢ Euclidean Gradient Descent:

® |gnores the toroidal constraint.
® Moves in the naive gradient direction.
® Results in inefficient steps off the toroidal structure.

¢ Manifold-Aware Optimization:

® Moves along the geodesics of the torus.
® Preserves feasibility within the constraint.
® Converges faster with more efficient steps.
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Example: Optimization on a Torus

Optimization on a Torus: Euclidean vs. Manifold-Aware

=8 = Euclidean Descent
=== Manifold Optimization

@ start
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Optimization and Geometry: The Fundamental Connection

Many optimization problems involve navigating a high-dimensional space.

The structure of this space is often curved, rather than flat.

Standard gradient descent assumes a Euclidean structure, but real-world problems
often have curvature.

Taking geometry into account can significantly improve optimization speed and
accuracy.
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Riemannian Manifold



What is a Differentiable Manifold?

e A differentiable manifold M of dimension n is a topological space that is locally
homeomorphic to R” and has a smooth structure.

® Formally, a differentiable manifold consists of:
® Aset M.

® A collection of charts (Uy, ¢a), where ¢, : U, — R" is a homeomorphism.
® Transition functions ¢ o ¢! that are smooth wherever defined.

e Example: The n-dimensional sphere S” is a differentiable manifold.
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Tangent Vectors and Tangent Space

A tangent vector at a point p € M is an equivalence class of smooth curves
v : (—€,€) = M with y(0) = p.

The tangent space at p, denoted T,M, is the space of all tangent vectors at p.

If (xl, ...,x") are local coordinates, then a tangent vector is expressed as:

;0

i
V=vV - .
aX’p

Example: The tangent space at a point on the 2-sphere S? consists of all vectors
tangent to the sphere at that point.
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Tensor Fields

A tensor of type (r,s) at a point p € M is a multilinear map:

T (T,M*) x (T,M)® — R.

A tensor field assigns a tensor T, to each point p in a smooth manner.

® Example: The metric tensor g is a tensor field of type (0,2) that defines an inner
product on each T,M.

® In local coordinates (x!,...,x"), a tensor field is written as:

T = 7‘ﬁ~”ﬂ'4J§1, R ® Rdx @ ® dx.

Jids 9xin

Oxir
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Riemannian Metrics and Inner Products

® A Riemannian metric on a manifold M is a smoothly varying positive-definite inner
product g, on each tangent space T,M.

That is, for every p € M and v,w € T,M, we have:

go(v,w) = gi(p)v'w.

The Riemannian metric allows us to define:
® Length of vectors: |v| = +/gp(v, V).
® Angle between vectors.
® Distance between points on M as:

1
d(p.q) = inf [ \/l o6 A(E)ek

Example: The standard metric on R" is the Euclidean metric gjj = d;;, while the
metric on the sphere is the induced metric from R" 1.
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Summary of Differential Geometry Essentials

Differentiable Manifolds: Generalize smooth surfaces to higher dimensions.

Tangent Vectors and Tangent Space: Capture local directions at each point.

Tensor Fields: Generalize scalars, vectors, and covectors.
® Riemannian Metrics: Define distances, angles, and inner products on manifolds.
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Distance on a Riemannian Manifold

A Riemannian manifold (M, g) is a smooth manifold M equipped with a Riemannian
metric g.

The Riemannian distance between two points p, g € M is defined as:

p.0)=int [ e GOA(D)e

where the infimum is taken over all smooth curves v connecting p and gq.

The choice of metric tensor g determines the geometry of the space.

We consider two fundamental geometries:

® Fisher-Rao Geometry (Induced by KL Divergence)
® Wasserstein Geometry (Induced by Optimal Transport)
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Information Geometry



Information Geometry

® Geometry is essential for Optimization.

® To induce Geometry we need a metric. The metric shows what is important for us.
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The One-Dimensional Normal Distribution as a Riemannian

Manifold

Manifold Structure:
® The family of one-dimensional normal distributions:

N(u,az):{p(xm,a)z ! e_v%g)}

2no

forms a 2-dimensional Riemannian manifold with coordinates (u, o).
® The natural Riemannian structure depends on the choice of the metric tensor gj;.
Distance on a Riemannian Manifold:
® A Riemannian metric g defines infinitesimal distances:

ds® = g;d0'de.

® \We consider two choices of metric:
1. Fisher Information Metric (Statistical Information Geometry)
2. Optimal Transport Metric (Wasserstein Geometry)
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Fisher Information Metric for Normal Distributions

Fisher Information Matrix:

® The Fisher information metric is derived from the Fisher information matrix:

0 log p(x|p, ) 9 log p(x|u, o)
a0 007

gij(p,0) =E

e Computing the derivatives:

Ologp(x|p,0) _ x—p  Ologp(xlu,0) _ (x—p)?—o®

ou o2’ do o3

® Taking expectations over p(x|u, o), the Fisher information matrix is:

L0
gFisher(ﬂva) = |:UO 2 :| .

o2
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Wasserstein Metric for Normal Distributions

Optimal Transport (Wasserstein-2) Distance:
® The Wasserstein-2 distance between two normal distributions:

W3 (N (p1,07), N(pi2,03)) = (p1 — p2)* + (01 — 02)°.

® This induces a Riemannian metric:

1 0
gWass(,Uva) = [0 1] .

Comparison with Fisher Metric:
® The Wasserstein metric treats (i, o) as Euclidean parameters, leading to a flat
geometry.
® The Fisher metric accounts for statistical structure, leading to non-Euclidean
curvature.

® The geodesics in Fisher-Rao space differ from those in Wasserstein space.
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Estimating Normal Distribution Parameters

Goal: Estimate parameters (u, o) of a normal distribution from a dataset.

e Assume data X = {x1, x2, ..., X100} comes from:

Xi ~ N(:u’truev Utzrue)'

e Given X, we estimate (u, o) via gradient descent:

1. Wasserstein Gradient Descent (which reduces to Euclidean).
2. Natural Gradient Descent using Fisher Information.
3. We start the estimation from (p,0) = (1, 3)

Example Setup:
® fitrue = 3, Otrue = 1.
® 100 samples from N(2,1.5%).
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Wasserstein Gradient Descent (Euclidean)

® The Wasserstein-2 metric for normal distributions:

W3 (N (p1,09), N (12, 03)) = (1 — p2)? + (o1 — 02).
® This reduces to Euclidean gradient descent in parameter space:

oL oL
= — —_— g = 0+ — —_—
M+l = Pt 778M7 t+1 t 7780

® This method treats the parameter space as a flat Euclidean space.

Wasserstein Interpolation (Linear Mean)
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Natural Gradient Descent (Fisher Information)

® The Fisher Information Metric for a normal distribution is:
1
= 0
= |2
o
® The natural gradient descent update is:

Orr1=0: — ng(e)_IVGL.

® Unlike Euclidean descent, this accounts for the curvature of the parameter space.

ponding interpolation between pdfs
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Comparison: Wasserstein vs. Natural Gradient Descent

® Wasserstein gradient descent (Euclidean) updates parameters slowly.
e Fisher natural gradient descent accounts for curvature and converges faster.
® Key Result: The Fisher-Rao metric rescales gradients, making steps more efficient.

4.0
0.40 1 —— pdfsaandb
354 pdfs c and d
0.35 1
3.0 0008888888880000¢ 0304
2.51 0.25 4
> 2.0 0.20
15 0.15
/ \
000000009,
104 AAAAASOGRay. | " Y 0.10
@ Fisher information geodesic
@ Wasserstein geodesic 0.05
0571 @ pointsaandb
points c and d 0.00 1
0.0 T T T
0.0 0.5 1.0 15 2.0 25 3.0 35 4.0 -2 0 2 4 6

X
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Conclusion: Why Fisher Natural Gradient is Faster?

® \Wasserstein descent treats the parameter space as Euclidean, leading to slow
updates.

® Fisher natural gradient descent corrects for parameter space curvature.

e Natural gradient updates are more efficient and converge faster.
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Conclusion

® What is Information?

® What is Geometry?

® Why Geometric Approach toward Information is necessary(Information Geometry).
Next time:

® we would discuss in more details the mathematics of Differential Geometry.

® How one can tackle Problems in Machine Learning and Finance with Geometric
Approaches.
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Question?
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